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Summary
Synthetic modeling of seismic waveﬁelds scattered in the subsurface is of growing
interest today due to its applicability in various forward and inverse problems of
geophysics. It has been extensively used for general evaluation of the subsurface
structure, in survey design and illumination studies, and also as the basis for imaging
and inversion algorithms. A particular challenge is presented by models with com-
plex geological structure containing strong-contrast or irregular reﬂectors and shadow
zones, where conventional algorithms fail to simulate realistic waveﬁelds. Therefore,
the demand for advanced modeling techniques has dramatically increased.
This thesis is based on a new analytic approach to the description and model-
ing of three-dimensional reﬂected waveﬁelds. The method combines surface singu-
lar integrals describing the wave propagation inside smoothly heterogeneous layers
and eﬀective reﬂection and transmission coeﬃcients (ERC and ETC) at reﬂectors.
The propagators are implemented using a seismic-frequency approximation of the
Helmholtz-Kirchhoﬀ integral. The approximation is based on the assumption that
a small (compared to the predominant wavelength) part of the reﬂector acts as a
secondary source, which, in accordance with Huygens’ principle, emits a wave beam.
The beam comprises not only the main reﬂection or transmission, but also the edge-
diﬀracted and tip-diﬀracted waves. Because the tip-diﬀracted waves contribute most
to the beam, the method is called the “tip-wave superposition method” (TWSM).
ERC and ETC generalize classical plane-wave reﬂection and transmission coeﬃ-
cients (PWRC and PWTC) for point sources and curved reﬂectors. Their deﬁnition
accounts for the local interface curvature, sphericity of the wavefront, and ﬁnite fre-
quency content of the incident wavelet. Therefore, they produce correct reﬂected and
transmitted amplitudes at near-critical and post-critical incidence angles. Numeri-
cal experiments indicate that ERC and ETC also accurately reproduce amplitudes
of the head waves. For a plane interface, ERC or ETC represents the exact re-
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ﬂection or transmission response at the reﬂector. For a curved interface, they are
approximate and based on an “apparent“ source location, which depends on the in-
cidence angle and the mean reﬂector curvature. Because ERC and ETC account for
all amplitude-related eﬀects, they are a useful tool for evaluation of reﬂected and
transmitted waveﬁelds at the reﬂector.
The new approach comprising the TWSM with ERC and ETC gives the possibility
of reproducing complex wave phenomena such as caustics, diﬀractions, and head
waves. The modeled full waveﬁeld is represented as a set of separate events, each
corresponding to a particular wavecode. This makes the approach event-oriented:
an event of interest can be modeled separately. Numerical experiments demonstrate
that the method simulates scattered 3D synthetic waveﬁelds in layered media with
accurate traveltimes and amplitudes.
Chapter 1 presents the basic principles of wave propagation in 3D media and
an overview of existing modeling techniques. Chapter 2 contains a paper about 3D
diﬀraction modeling of singly scattered acoustic waveﬁelds. The paper introduces
ERC and ETC for acoustic waves and gives a detailed overview of the acoustic version
of TWSM. Chapter 3 contains a paper about 3D diﬀraction modeling of acoustic
scattering in layered media. The paper deals with the extension of the acoustic
version of TWSM for layered media. It provides a thorough analysis of the modeling
results for 3D models with smoothly varying reﬂectors and for models containing
diﬀracting edges. Chapter 4 contains a paper about ERC for curved interfaces in
TI media. The paper analyzes the dependence of ERC on anisotropy parameters
and reﬂector shape and demonstrates their advantages over PWRC in 3D diﬀraction
modeling of PP and PS reﬂection data.
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Chapter 1
Thesis introduction
1.1 Wave propagation in 3D media
Synthetic seismic modeling of reﬂection data is a powerful tool with wide applica-
tions in various areas of oil and gas exploration (Sheriﬀ and Geldart, 1995; Aki and
Richards, 2002). It has been extensively used for general understanding of the sub-
surface structure, in survey design, for data interpretation, and velocity model veriﬁ-
cation. Also, modeling-based techniques are often exploited as the basis for imaging
and inversion schemes (Claerbout, 1971; Gazdag and Sguazzero, 1984; Gray, 2001;
Treitel and Lines, 2001; Ursin, 2004).
With the growing computing power, when usage of parallel machines becomes a
day-to-day practice, and, with the modern acquisition trends, when three-dimensional
(3D) and wide-azimuth (WAZ) datasets may be acquired, the need for advanced
modeling and processing techniques pushes computational limits (Ramsden and Ben-
nett, 2005). Seismic modeling evolves towards rather eﬃcient and accurate methods,
which allow better description of complex wave phenomena. With the development
of quantitative seismic analysis and amplitude-versus-oﬀset (AVO) studies, not only
the phase, but also the amplitude information, is considered to be of major impor-
tance (Roden and Forrest, 2005; Ostrander, 1984; Rutherford and Williams, 1989;
Hilterman, 2001).
Synthetic seismic modeling is a way of simulating the real reﬂection data given the
elastic parameters of the subsurface (Carcione et al., 2002). A successful modeling
algorithm is capable of producing a good match between modeled and real data.
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Therefore, it is important to realize how seismic waves propagate and what eﬀects
may have signiﬁcant inﬂuence on their amplitudes and phases.
Propagation of seismic waves inside layers with smoothly varying properties is
described by the wave equation. The scalar wave equation describes acoustic pressure
changes in a ﬂuid medium (Aki and Richards, 2002):
1
ρv2
∂2p
∂t2
−∇ ·
(
1
ρ
∇p
)
= f,
where p = p(x, t) is the acoustic pressure as function of spatial coordinate x and time
t, v = v(x) is the wave propagation velocity, ρ = ρ(x) is the density, and f(x, t) is
the body force. The vector wave equation for elastic waves deals with the particle
displacement in a solid medium (Aki and Richards, 2002):
ρ
∂2u
∂t2
−∇ ·T = f ,
where u = u(x, t) is the displacement vector, T = T(x, t) is the stress tensor, and
f = f(x, t) is the body force. The linear dependence between stress and displacement
is described by the generalized Hooke’s law:
T = C : E.
Here C = C(x) is the fourth-order stiﬀness tensor, and E = E(x) is the strain tensor
deﬁned as
E =
1
2
(∇u + u∇) .
Additionally, full waveﬁelds satisfy boundary conditions at strong reﬂectors. The
boundary conditions for acoustic waves state the continuity of the pressure waveﬁelds
and their weighted normal derivatives at the reﬂectors:
p(1) = p(2),
1
ρ(1)
∂p(1)
∂n
= 1
ρ(2)
∂p(2)
∂n
,
where the superscripts (1) and (2) denote the medium just above and just below the
reﬂector, correspondingly, and n = n(x) is the normal to the reﬂector directed into
the upper medium. The boundary conditions for elastic waves, in turn, state the
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continuity of the displacement waveﬁelds and corresponding traction vectors at the
reﬂectors:
u(1) = u(2),
n ·T(1) = n ·T(2).
Also, the reﬂected waveﬁelds obey a radiation condition, whose explicit form is of
no particular importance here. The radiation condition states that there is no radi-
ation from the inﬁnity; i.e., the outgoing waves vanish at inﬁnity and do not return.
The closed system comprising the wave equation, boundary conditions, and radiation
condition is often referred to as the transmission problem (Pao and Varatharajulu,
1976).
1.2 Seismic modeling methods
Whereas the transmission problem is well-studied in simpler subsurface models (such
as, for example, horizontally layered models with homogeneous layers), solving it
in arbitrarily inhomogeneous media becomes analytically and numerically nontrivial.
Various approaches have been designed for synthetic seismic modeling in complex
models. Based on the works of Carcione et al. (2002) and Ursin (1983), existing
methods may be split into ﬁve main groups:
• Numerical or full-wave equation methods:
– ﬁnite-diﬀerence modeling (FDM);
– ﬁnite-element modeling (FEM);
– spectral-element modeling (SEM).
• Asymptotic methods:
– geometrical seismics or asymptotic ray theory (ART);
– geometric theory of diﬀraction (GTD);
– theory of edge and tip waves.
• Methods based on plane-wave decomposition:
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– reﬂectivity modeling in horizontally layered media.
• Surface and volume integral methods:
– integral-equation approaches;
– explicit surface or volume integral representations.
• Hybrid methods:
– combination of volume integrals and spatial Fourier transforms;
– combination of path surface integrals and local phase spatial decomposi-
tions;
– combination of surface integral propagators and generalized spectral de-
compositions.
All modeling methods listed above possess strong sides, as well as some weak-
nesses. They have diﬀerent areas of applicability, and are suited for particular types
of geological models. A more detailed description of the methods is given below.
1.2.1 Numerical or full-wave equation methods
Numerical (or full-wave equation) modeling is widely used because of its ability to
simulate full waveﬁelds with highly accurate traveltimes and amplitudes in strati-
graphically complex areas (Carcione et al., 2002). Numerical modeling is ﬂexible and
is generally not limited to particular types of models. Any numerical approach im-
plies that the model is discretized in temporal and spatial coordinates. The quality
of the obtained full waveﬁeld is higher for ﬁner grids. However, this type of modeling,
in particular its application for 3D structures, requires heavy computations. This
property limits the applicability of numerical approaches in models with large spatial
extent.
Another property of a numerical algorithm is that it actually produces full wave-
ﬁelds. This may be considered both an advantage and a drawback. On the one hand,
numerical modeling simulates the full waveﬁeld, which includes all possible wave phe-
nomena. Whenever this is the intention, numerical modeling is a good option for
obtaining results with a high precision. On the other hand, modeling of full wave-
ﬁelds sometimes causes interpretational diﬃculties. For example, visual separation
Three-Dimensional Seismic Diffraction Modeling - Milana A. Ayzenberg 4
Chapter 1. Thesis introduction
of wave events reﬂected at thin-layered structures or tuning reﬂectors may become
challenging. In these cases, the ability of modeling full waveﬁelds becomes a weak
point of the approach.
An important point when addressing numerical methods is computational stabil-
ity (Emerman et al., 1982). This has consequences for the choice of the modeling
approach and for the spatial and temporal grid generation. FDM in particular expe-
riences problems in areas with steeply dipping or curved reﬂectors. The grid is usually
not suited for such types of reﬂectors, and the stair-case representation of reﬂectors
generates unwanted grid diﬀractions. FEM and SEM are, on the contrary, free of this
drawback because the mesh generation allows for grid ﬁtting for the reﬂector shape
(Seriani and Oliveira, 2007). In the vicinity of faults and curved reﬂectors, the mesh
becomes essentially denser and is suited for the model geometry. A weak point of
a denser grid is, of course, high computational costs. The choice of the grid size is
always the trade-oﬀ of three factors: numerical stability, computational time, and
quality of the modeled waveﬁelds.
1.2.2 Asymptotic methods
The basis of asymptotic methods is the representation of the waveﬁeld as a series over
the reciprocal powers of the frequency ω (Červený, 2001). In high-frequency approxi-
mation, the power series is often reduced to the leading term only. This approximation
gives rise to geometrical seismics, which is also often referred to as asymptotic ray
theory (ART). Geometrical seismics thus becomes an analogue of geometrical optics,
which is described in terms of optical rays obeying Fermat’s principle.
Asymptotic modeling techniques are computationally much faster than numerical
methods. They have wide applications in kinematic and dynamic ray tracing, which
has been routinely used for its computational eﬃciency and ﬂexibility. The approach
allows modeling of reﬂected waveﬁelds corresponding to the speciﬁed wavecodes. In
order to obtain the full waveﬁeld, estimation and computation of separate events cor-
responding to all possible wavecodes is necessary. This property makes ray-tracing
modeling valuable not only for quantitative seismic modeling, but also for feasibility
studies, for example, for survey design and analysis of illuminated zones in subsur-
face models (Gjøystdal et al., 2007a,b). However, because ray tracing is based on
the geometrical-seismics approximation, it has its limitations. The methodology ex-
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periences diﬃculties in shadow zones, where the optical rays do not penetrate and
the modeled amplitudes are zero. Another limitation of ray tracing reveals itself in
the vicinity of caustic triplications. The amplitudes of the waves are deﬁned through
the reciprocal of the geometrical-spreading factor. Because the geometrical-spreading
factor is zero at caustic cusps, special attention has to be paid to the amplitudes,
which tend to become inﬁnitely large.
Tsvankin and Chesnokov (1990) pointed out that the leading term of the power
series may not be enough for the accurate description of the reﬂected waves. Often,
the next term is needed as a correction to the leading term. For example, geomet-
rical seismics assumes that there is no P-to-S conversion at normal incidence. How-
ever, observations show that for lower frequencies and shorter distances between the
point source and reﬂector, a signiﬁcant amplitude of the PS-wave may be recorded.
This suggests that geometrical seismics can, in many cases, be corrected within the
asymptotic approach. Another limitation of geometrical seismics is that it does not
reproduce diﬀraction phenomena and head waves, which become important when the
full-waveform solution is necessary.
Hanyga and Helle (1995) introduced generalized ray tracing (GenRT), which ex-
tends conventional ray tracing to areas containing caustics and caustic shadow regions.
They use complex ray tracing as an analytic continuation of optical rays in the caustic
shadow zones. They also exploit uniformly asymptotic expansions (Maslov integrals)
to represent the contribution of a ray congruence to the wave amplitude. Inside the
boundary layer adjacent to a caustic, they reduce uniformly asymptotic expansion
to Airy functions. However, as the authors indicate, Airy functions are "physically
irrelevant" for the description of the waveﬁeld in the caustic shadow zones.
Typical velocity models contain shadow zones, where the optical rays are screened
by parts of reﬂectors and therefore absent. According to geometrical seismics, the
waveﬁeld experiences a discontinuity at the border between the shadow and illumi-
nated regions (often referred to as the shadow boundary). Keller (1962) introduced
the geometric theory of diﬀraction (GTD), which smoothes the waveﬁeld discon-
tinuities at the shadow boundary. In addition to usual optical rays, he introduced
diﬀracted rays produced by incident rays, which hit edges, corners, or vertices of reﬂec-
tors. The points of discontinuities of reﬂectors act as secondary sources and generate
diﬀracted waves in accordance with Huygens’ principle. Diﬀracted waves thus obey
all the principles of geometrical optics. As is done within the geometrical-seismics
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approach, diﬀracted waves are represented as an inﬁnite series over the reciprocal and
fractional orders of the frequency ω.
Klem-Musatov (1994) showed that GTD breaks down outside the regions of appli-
cability of the transport equation, for example, in the vicinity of the shadow bound-
ary. A better description of the diﬀraction phenomenon in such neighborhoods (often
referred to as boundary layers) is needed. According to GTD, the diﬀracted wave
amplitude in the boundary layer is
√
ω times lower than that of the reﬂected or
transmitted wave. Therefore, for high frequencies, diﬀracted waves may be neglected
without loss of the quality of the modeling results. However, within the boundary
layer, the amplitudes of the reﬂected or transmitted and diﬀracted waves are com-
parable even for high frequencies. Klem-Musatov (1994) introduced the theory of
edge and tip diﬀraction. For the description of the diﬀracted-wave amplitude in the
boundary layer, they proposed a new function W (w), which is closely related to the
classical Fresnel integral. The parameter w is a derivative of the Fresnel-zone size
and indicates the distance from the shadow boundary. Klem-Musatov (1994) also
introduced the concept of vertex (tip) diﬀraction as a correction of the discontinuities
of the edge waves at the secondary shadow boundaries caused by the vertices. The
amplitude of the vertex-diﬀracted wave is proportional to W (w1)W (w2), where the
parameters w1 and w2 denote the distances from the secondary shadow boundaries
of the two edge-diﬀracted waves. The two types of diﬀracted waves (edge-diﬀracted
and tip-diﬀracted) complete the list of all possible waves generated at a wedge. The
theory of edge and tip diﬀraction has certain limitations. For example, it breaks down
at caustic cusps, just like geometrical seismics. Therefore, it should be carefully used
in the areas of caustics and multipathing.
1.2.3 Methods based on the plane-wave decomposition
Schemes based on plane-wave decomposition are widely used for modeling of reﬂected
waveﬁelds in media with the velocity ﬁeld varying with depth only, v = v(z). Hori-
zontally layered structures with no lateral velocity variations are examples where such
modeling is largely applicable (Ursin, 1983; Tsvankin, 1995). The methodology is fun-
damental to a number of processing techniques, such as prediction and elimination
of seabed and internal multiples, deterministic wavelet estimation, and decomposi-
tion of the full waveﬁeld into upgoing and downgoing waves (Ikelle and Amundsen,
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2005). Plane-wave decomposition is a powerful and computationally eﬃcient tool. It
serves as a basis for such approaches as phase-shift extrapolation, screen-propagator
method, and Radon (τ −p) transform (Gazdag, 1978; Stolt, 1978; Wu, 1994; de Hoop
and Bleistein, 1997).
The main idea behind the method is the assumption that the waveﬁeld generated
by a point source can be represented as the superposition of plane waves traveling
in all possible directions (Kennett, 1983; Tygel and Hubral, 1987). The reason for
such representation is the simple and well-studied propagation and scattering of plane
waves . For instance, reﬂection and transmission of plane waves is described by known
plane-wave reﬂection coeﬃcients given by Fresnel equations for acoustic media and
Zoeppritz equations for elastic media (Aki and Richards, 2002). The superposition
of plane waves is expressed by the Fourier-Bessel integrals, which can be evaluated
numerically. The methodology allows researchers to represent and compute waveﬁelds
reﬂected in a general class of models: horizontally layered structures with vertical
velocity variations.
Another useful application of plane-wave decomposition is the separation of up-
going and downgoing waves using the knowledge of pressure p and vertical particle
velocity Vz. Because the vector comprising pressure and particle velocity is connected
to the vector comprising amplitudes of upgoing and downgoing waves through a linear
transformation in the frequency-wavenumber domain, the transition from one type
of data to another can be realized in a straightforward manner. Also, pressure and
particle velocity data are interconnected in the frequency-wavenumber domain (Ikelle
and Amundsen, 2005). This leaves us with only one measurement, namely acoustic
pressure, the one conventionally recorded in practice.
Even though the decomposition into upgoing and downgoing waves is derived for
a stack of homogeneous layers, the methodology can be extended to inhomogeneous
layers. The only restriction in this case is that the layer where the recoding system
is placed has to be laterally homogeneous.
When the velocity ﬁeld is a slowly varying function of the spatial coordinates,
another practically useful implementation of the plane-wave decomposition of the up-
going and downgoing waveﬁelds can be found. In this case, the two waveﬁelds may
be regarded as spatially decoupled. Thus the system of two diﬀerential equations
splits into two independent one-way wave equations that can be resolved separately.
This provides a relatively simple representation of the upgoing and downgoing wave-
Three-Dimensional Seismic Diffraction Modeling - Milana A. Ayzenberg 8
Chapter 1. Thesis introduction
ﬁelds through an exponential function containing the integrated vertical wavenumber
component. Such representations are known as WKBJ-solutions (Ursin, 1983). The
WBKJ-approximation is an integral formula that can be implemented in a straight-
forward manner; it is therefore valuable for modeling of seismic waveﬁelds.
Much eﬀort has been devoted to prediction and elimination of multiple rever-
berations within the water column in marine seismic data. One of the widely-used
techniques for suppression of free-surface multiples is based on plane-wave decomposi-
tion (Verschuur, 2006). The multiple-free waveﬁeld can be obtained by deconvolving
the pressure data with the downgoing waveﬁeld. The method preserves the ampli-
tudes of the reﬂected waveﬁeld and does not require knowledge of the subsurface
below the receiver level. Velocity and density at the level of the receiver array are
required information.
1.2.4 Surface and volume integral methods
Modeling based on surface and volume integrals requires more computational eﬀorts
than asymptotic methods and approaches based on plane-wave decomposition. How-
ever, this type of modeling is capable of reproducing quite complex wave events with
rather accurate amplitudes. The approaches from this group fall into two main cate-
gories. The ﬁrst group consists of methods based on integral equations, one of them
being the Lippmann-Schwinger equation. The main idea is to extract a reference
medium with a simple velocity ﬁeld and a known waveﬁeld. Then the diﬀerence
between the actual and reference media acts as secondary sources and generates re-
ﬂected waveﬁeld as a correction to the waveﬁeld in the reference medium (Ikelle and
Amundsen, 2005).
Integral equations are usually solved iteratively, and the solution is written as
a Neumann (or Born) series (Ursin and Tygel, 1997). In the Born approximation,
only the ﬁrst or ﬁrst two terms of the series are calculated. The weak point of this
approach is its inability to prove the convergence of the series. This makes it diﬃcult
to claim that just a few iterations will form the main part of the full waveﬁeld. Also,
Born-type integrals imply volume integration, which makes them computationally
expensive. The approach is advantageous for modeling of waveﬁelds in media with
many small-scale scatterers, such as cracks or inclusions.
The second group of integral methods implies direct computation of integral rep-
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resentations (Pao and Varatharajulu, 1976). This group is, in a sense, a particular
case of the ﬁrst group, assuming that the actual and reference media are the same.
Therefore, computation of the full waveﬁeld reduces to direct evaluation of the surface
or volume integral. This group comprises, for instance, Helmholtz-Kirchhoﬀ surface
integral approaches (Ursin and Tygel, 1997; Schleicher et al., 2001). Kirchhoﬀ model-
ing, which is based on the Helmholtz-Kirchhoﬀ integral, is a widely-used technique. It
is mostly applicable for media with rough reﬂectors. This modeling approach is based
on Huygens’ principle stating that a point at the reﬂector is the secondary source of
a spherical wave diverging from this point. The interference of the spherical waves
diverging from all points of the reﬂector form the reﬂected waveﬁeld at the receiver.
Modeling based on surface integrals is faster than Born-type modeling, in particu-
lar because it implies implementation of surface integrals over 2D reﬂectors. However,
it requires knowledge of the Green’s function and the boundary data for the actual
model in the Helmholtz-Kirchhoﬀ integral. Even relatively simple velocity models
may generate quite complex Green’s functions and boundary data, thus causing seri-
ous bottlenecks in conventional Kirchhoﬀ modeling.
1.2.5 Hybrid methods
Classical plane-wave decomposition forms the basis for many other methods. Models
with deviations from strictly horizontal layering may be ﬁtted into the methodol-
ogy in an approximate way. The generalized screen-propagator (GSP) method is
one application of the plane-wave decomposition that is not limited to horizontally
layered media (Wu, 1994). Within the GSP-approach, the waveﬁeld is written as a
Born-type volume integral, which follows from the perturbation theory. The Green’s
function and the waveﬁeld in the reference medium are decomposed into plane waves.
When interchanging the order of volume integration and the two decompositions, a
wavenumber-domain formulation can be obtained. The scattered waveﬁeld is thus
written as a Fourier-type integral. The formula can be implemented in an eﬃcient
manner. It provides accurate modeling results in media with the properties varying
in a single preferred direction. Also, the initial formulation of the GSP-approach is
beneﬁcial in modeling of small-angle scattering. However, for media with strong lat-
eral velocity variations, the quality of amplitudes and traveltimes obtained with this
approach substantially decreases.
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Sen and Frazer (1991) proposed a hybrid approach based on the Helmholtz-
Kirchhoﬀ integral. The authors represent the Green’s function in the integrand as
an expansion into a set of plane waves. The coupling of the plane waves at the re-
ﬂectors is determined by means of the Helmholtz-Kirchhoﬀ integral using generalized
reﬂection and transmission coeﬃcients. The resulting integral (called the multifold
phase space path integral) consists of a series of integrals over ray parameters and
interfaces passed by the generalized ray. The method represents a generalization of
conventional Kirchhoﬀ modeling. It handles diﬀractions and head waves at curved
interfaces in an approximate, but accurate, manner.
Another hybrid approach to the description of waveﬁelds reﬂected and trans-
mitted at curved interfaces was introduced by Klem-Musatov et al. (2004). Later,
Klem-Musatov et al. (2005) extended the methodology for layered media with several
curved reﬂectors. They showed that the propagation inside smooth layers can be
described by the conventional Kirchhoﬀ integral, whereas reﬂection and transmission
is represented by reﬂection and transmission operators. If the reﬂector is plane, the
reﬂection and transmission operators are expressed by the usual plane-wave decom-
position. For curved reﬂectors, which are often found in typical geological settings,
this decomposition breaks down. In this case, Klem-Musatov et al. (2005) suggest a
generalized plane-wave decomposition. They decompose the reﬂected or transmitted
waveﬁeld into locally plane waves in the vicinity of the reﬂector. The decomposition
is local and can not be used outside a thin layer surrounding the interface.
The new approach of Klem-Musatov et al. (2005) is computationally heavier than
the conventional Kirchhoﬀ modeling, which puts the method at a disadvantage. How-
ever, it proved its capability to accurately model complex wave phenomena, in partic-
ular caustic cusps, diﬀracted waves, and head waves. Although numerical simulation
requires computational eﬀort, the approach is advantageous for modeling in strati-
graphically complex geological structures. The next section is devoted to a detailed
explanation of the algorithmic implementation of the Kirchhoﬀ integral and the re-
ﬂection and transmission operators.
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1.3 Tip-wave superposition method with eﬀective co-
eﬃcients
The Green’s function for conventional Kirchhoﬀ modeling is traditionally described
using geometrical seismics (Schleicher et al., 2001). This approximation limits mod-
eling to the areas of validity of the ray-tracing solutions (Frazer and Sen, 1985).
Klem-Musatov and Aizenberg (1985) and later Klem-Musatov et al. (1993) proposed
a high-frequency approximation of the Helmholtz-Kirchhoﬀ integral based on diﬀrac-
tion theory. They showed that small rhombic parts of the reﬂector, in accordance with
Huygens’ principle, act as secondary sources and emit wave beams toward receivers.
Beams are formed by the main reﬂection, four edge-diﬀracted, and eight tip-diﬀracted
waves. Because the tip-diﬀracted waves are the greatest contributors, the approach
is referred to as a “tip-wave superposition method,” or TWSM (Aizenberg, 1992,
1993a,b). The method is computationally eﬃcient and accurate for modeling caustic
triplications and diﬀractions.
Within conventional Kirchhoﬀ modeling, the boundary data are routinely gen-
erated by the multiplication of the incident waveﬁeld and the plane-wave reﬂection
coeﬃcient (PWRC) (Ursin and Tygel, 1997; Ursin, 2004). PWRC is inadequate in
describing the reﬂected waveﬁelds at near- and post-critical incidence angles and in
the presence of signiﬁcant reﬂector curvature. Also, PWRC produces diﬀraction ar-
tifacts formed by the points of discontinuous slope of PWRC at the critical incidence
angles (Frazer and Sen, 1985).
To handle curved reﬂectors in heterogeneous media, a rigorous theory of reﬂection
and transmission for interfaces of arbitrary shape can be used Klem-Musatov et al.
(2004). The authors showed that the boundary data in the acoustic Kirchhoﬀ integral
can be represented by a generalized plane-wave decomposition. Ayzenberg et al.
(2007b) proved that the exact action of the reﬂection operator upon the incident
waveﬁeld may be approximately described by multiplication of the incident waveﬁeld
and the corresponding eﬀective reﬂection coeﬃcient (ERC) for each point at the
interface. This formalism incorporates the local interface curvature into the reﬂection
response and is not limited to small incidence angles and weak parameter contrasts
across the reﬂector. Additionally, ERC correctly describes near- and post-critical
reﬂection and includes head waves.
Ayzenberg et al. (2007b) provided the results of 3D diﬀraction modeling using
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TWSM and ERC in order to illustrate the performance of the new approach for
modeling complex wave phenomena, in particular multipathing, diﬀraction, and head
waves. The tests demonstrated that the acoustic version of TWSM with ERC is
capable of modeling accurate traveltimes and amplitudes. The paper also provided
an overall comparison of TWSM modeling and conventional Kirchhoﬀ modeling (in
this case, represented by TWSM with PWRC) regarding the tradeoﬀ between quality
and computational speed.
Based on the work of Klem-Musatov et al. (2005) on reﬂection and transmission
in layered media, Ayzenberg et al. (2008b) extended the TWSM and ERC formalism
for 3D wave propagation in the overburden with several reﬂecting horizons. They
showed that the total reﬂected waveﬁeld may be represented as the sum of separate
wave events coming from diﬀerent interfaces and reﬂected in accordance with their
own wavecodes. Also, the multilayered version of the TWSM accurately modeled
amplitudes of multiple reﬂected and transmitted waveﬁelds.
Ayzenberg et al. (2008a) generalized the method for reﬂection from curved reﬂec-
tors between isotropic and bending transversely-isotropic (TI) layers. They studied
the dependence of ERC and modeled reﬂected waveﬁelds on the predominant fre-
quency, local reﬂector curvature, and Thomsen anisotropy parameters. Modeling
revealed strong dependence of the reﬂected amplitude on Thomsen parameters, in
particular ε, for near- and post-critical incidence angles.
As for computational speed, TWSM with ERC is slower than conventional Kirch-
hoﬀ modeling. Implementation of ERC implies computation of the Fourier-Bessel
integrals, which are given by explicit algebraic formulas. Additionally, while PWRC
are frequency-independent and need to be computed only once, ERC have to be com-
puted for each frequency entering the bandwidth of the initial wavelet. In the case of
almost plane reﬂectors, weak parameter contrasts across the reﬂectors and near oﬀ-
sets, ERC may be substituted with PWRC in order to decrease computational costs.
However, in many situations, ERC produces considerably better modeling results.
1.4 Thesis content
This thesis consists of three papers published in or submitted to Geophysics.
Chapter 2 contains a paper about 3D diﬀraction modeling of singly scattered
acoustic waveﬁelds. The paper introduces ERC for acoustic waves and gives a de-
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tailed overview of the acoustic version of TWSM. It studies the properties of ERC
and illustrates their dependence on the frequency content of the incident wave and
reﬂectorgeometry. Also, the paper analyzes applicability, computational costs, and
accuracy of 3D acoustic diﬀraction modeling.
Chapter 3 contains a paper about 3D diﬀraction modeling of acoustic scattering in
layered media. The paper deals with the extension of the acoustic version of TWSM
for layered media. It provides a thorough analysis of modeling results for 3D models
with smoothly varying reﬂectors and for models containing diﬀracting edges. The
paper also demonstrates that the modeling results are in agreement with FDM and
diﬀraction theory.
Chapter 4 contains a paper about ERC for curved interfaces in TI media. Nu-
merical tests in the paper demonstrate that the diﬀerence between ERC and PWRC
for typical TI models can be signiﬁcant, especially at low frequencies and in the
post-critical domain. ERC are sensitive to the anisotropy parameters, local reﬂector
curvature, and source-receiver geometry. The paper analyzes the dependence of ERC
on reﬂector shape and demonstrates their advantages over PWRC in 3D diﬀraction
modeling of PP and PS reﬂection data.
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Closing remarks
Conventional Kirchhoﬀ modeling is based on the geometrical-seismics approximation.
The two main assumptions are that the Green’s function in the Helmholtz-Kirchhoﬀ
integral can be obtained from geometrical seismics and that the boundary data are
the product of the amplitude of the incident wave and the corresponding plane-wave
reﬂection coeﬃcient (PWRC). The limitations of the geometrical-seismics approxima-
tion pose serious problems for dynamic ray tracing and, as a consequence, Kirchhoﬀ
integral modeling techniques. In particular, this approach produces artiﬁcial diﬀrac-
tions on synthetic data due to the discontinuous slope of the PWRC at the critical
angle and does not correctly reproduce caustics, shadow zones, and head waves.
3D diﬀraction modeling is designed to overcome, to some degree, these limitations
of the conventional Kirchhoﬀ approach. Within the new method, the Kirchhoﬀ-
type surface integral propagator is realized in the form of a “tip-wave superposi-
tion method” (TWSM), which represents a seismic-frequency approximation of the
Helmholtz-Kirchhoﬀ integral. The implementation of TWSM involves splitting the
reﬂector into small elements. According to Huygens’ principle, each element acts as a
secondary source emitting a tip-wave beam. The superposition of the tip-wave beams
automatically produces correct reﬂection traveltimes at the observation point.
The boundary data are computed using “eﬀective reﬂection and transmission coef-
ﬁcients” (ERC and ETC). ERC and ETC generalize PWRC and PWTC for waveﬁelds
from point sources at curved interfaces and are not limited to small incidence angles
and weak parameter contrasts across the reﬂector. The diﬀerence between eﬀective
and plane-wave coeﬃcients can be signiﬁcant, especially at low frequencies and for
the near-critical and post-critical incidence angles. Numerical results demonstrate
that eﬀective coeﬃcients are formed by the interference of the reﬂected and head
waves at the reﬂector. Eﬀective coeﬃcients are also sensitive to the model parame-
ters, frequency range of the incident wavelet, and local reﬂector curvature. Numerous
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tests provided in the three papers show that Kirchhoﬀ-type modeling with ERC and
ETC removes the artiﬁcial diﬀractions generated at the critical angles and correctly
simulates the amplitudes of the reﬂected and head waves.
The new approach is numerically stable and capable of simulating complex wave
phenomena, such as caustic triplications, diﬀraction, and head waves at curved re-
ﬂectors. For simpler models with weak parameter contrasts across reﬂectors, TWSM
may be successfully used with PWRC and PWTC. In this case, 3D modeling becomes
extremely, computationally eﬃcient. However, amplitudes for near-critical and post-
critical incidence angles are somewhat inaccurate. To evaluate the amplitudes with
a higher precision, TWSM should be used with ERC and ETC. Because eﬀective
coeﬃcients depend on frequency and, moreover, are represented by Fourier-Bessel
integrals, 3D diﬀraction modeling becomes computationally diﬃcult. (However, de-
pending on the model, it can still be considerably cheaper than conventional FDM.)
The disk-space requirements become more demanding because the tip-wave beams
have to be stored separately for each frequency. Although data storage may present
a logistical problem, minor changes of the model can be incorporated without recal-
culating all tip-wave beams. This advantage of TWSM becomes particularly valuable
for modeling in layered models, as well as in survey design.
As a stand-alone technique, ERC may ﬁnd useful applications in AVO-related
studies. For plane interfaces, ERC represent the exact reﬂection response from point
sources. For curved interfaces, ERC represent a sensible approximation of the exact
reﬂection response. Because ERC incorporate the near-critical and post-critical eﬀects
at curved interfaces in an accurate manner, they exhibit a good match with the
AVO response extracted from the data (Skopintseva et al., 2008). In particular, the
inversion results in a simple model show that by accounting for the near-critical and
post-critical incidence angles, the S-wave velocity and density can be more accurately
estimated.
The author of this thesis hopes that the TWSM approach ﬁnds its place among
other, more traditional, modeling techniques. Although the methodology shows
promising results, there are still many unexplored areas. An important theoretical
gap is ﬁnding a proper description for the Green’s function in the presence of shadow
zones. This may have serious consequences for the general understanding and future
of Kirchhoﬀ modeling. Also, there are numerical bottlenecks to be resolved. In par-
ticular, the computational cost for eﬀective coeﬃcients is prohibitively expensive and
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should be reduced in order to make it comparable with plane-wave coeﬃcients. Also,
the distortions brought in by the approximations in TWSM and eﬀective coeﬃcients
must be estimated. TWSM and FEM must be compared regarding the quality of the
modeled amplitudes and computational time.
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